Abstract. Theorem 5 yields the condition sufficient for a group to be a direct product of a π-group and an abelian π -group. We also obtain characterizations of nilpotent groups, prime power groups, p-nilpotent and p-closed groups in the language of characters. Proofs of some results depend on the classification of finite simple groups. Some problems are posed and discussed.
Lemma 1 (Compare to [BZ] , Exercise 14.25). Let χ ∈ Irr (G) Proof. Note that χ(1) divides |G : A|, where χ and A as in the lemma, by [I] , Theorem 6.15 (Ito's Theorem). By [BZ] , Proposition 30.18(e), the second assertion follows from the first one. To prove that χ is monomial, one may assume that ker(χ) = {1}. Set H = P A, where P ∈ Syl p (G). Let {µ 1 , . . . , µ k } be the set of irreducible constituents of χ H , µ 1 (1) ≤ · · · ≤ µ k (1). By Ito's Theorem, µ i (1) are powers of p for all i. It follows that µ 1 (1) divides χ(1). Furthermore, |G : H| divides χ(1) by hypothesis, and (|G : H|, µ 1 (1)) = 1. It follows that |G : H|µ 1 (1) = µ G 1 (1) also divides χ(1). Therefore, by reciprocity, χ = µ G 1 . By Huppert's monomiality criterion (see [BZ] , Theorem 7.61), H is an M -group. Therefore, µ 1 = λ H for some F ≤ H and a linear character λ of F . Thus χ = (µ 1 ) G = (λ H ) G = λ G , completing the proof.
We will define some characteristic subgroups of G. Let G(p ) (G 0 (p )) be the intersection of kernels (quasikernels) of nonlinear irreducible characters of G having p -degrees. Obviously, G(p ) ≤ G 0 (p ). By [BZ] , Remark 25.2, if P ∈ Syl p (G), then p divides degrees of all nonlinear irreducible characters of P G(p ). In particular, G(p ) is p-nilpotent and solvable (see [I] , Corollary 12.2, and [BZ] , Proposition 25.9 and the remark following it).
Let G(p) (G 0 (p)) be the intersection of kernels (quasikernels) of irreducible characters of G whose degrees are divisible by p. It is known that G(p) is p-closed (see [BZ] , Theorem 14.27(c)); obviously, G(p) ≤ G 0 (p). By [BZ] , Remark 25.3, all nonlinear irreducible characters of G(p) have p -degrees so G(p) is p-closed with abelian Sylow p-subgroup. It is known that G 0 (p ) ∩ G 0 (p) = Z(G) (see [I] , Corollary 2.28, or [BZ] , Theorem 4.35(b)).
It is known (see [B] , Lemma 2(b)) that the intersection of kernels of nonlinear monolithic characters of G is contained in Z(G) (the strong containment is possible: let G be a nonabelian primary group with cyclic center). Let p be a prime divisor of |G|. Set G m (p ) = χ ker(χ), where χ runs over all nonlinear monolithic characters of
Let G m (p) be the intersection of kernels of monolithic characters of G, whose degrees are divisible by p; obviously, G(p) ≤ G m (p) . By what has been said already,
In Theorem 2 we will consider the structure of the subgroups introduced above.
Theorem 2. Let p be a prime divisor of the order of a group
Proof. Suppose, in all the cases, that G is a counterexample of minimal order.
(a) Let λ be a nonlinear irreducible character of 
by the inductive hypothesis, we obtain a contradiction. Thus M = {1}. In that case, G is a monolith.
Let 
, and D is p-nilpotent, by (Φ1)). In that case, there is a linear character λ ∈ Irr(P | K). Since p does not divide λ G (1) = |G : P |, λ G has an irreducible constituent χ of p -degree. On the other hand, K ker(χ), by reciprocity so χ is nonlinear monolithic (recall that K ≤ G ). It follows from D ker(χ) that χ is of degree divisible by p, which is a contradiction. (This generalizes [BZ] , Proposition 30.18(b).) (c) Let λ be an irreducible character of G 0 (p) of degree divisible by p and let χ be an irreducible constituent of λ G . Since p divides χ(1), by Clifford's Theorem, we get G 0 (p) ≤ Z(χ), by definition. As all irreducible constituents of χ Z(χ) are linear, the same is true for χ G0(p) . Since λ is nonlinear, we get a contradiction. Thus, all nonlinear irreducible characters of G 0 (p) have p -degrees so G 0 (p) is p-closed with abelian Sylow p-subgroup, by Ito-Michler Theorem for p-solvable groups ( [I] , Corollary 12.34, is also true for p-solvable groups). ((c) generalizes [BZ] 
, we see that M = {1}, by the inductive hypothesis. It follows that G is a monolith so it possesses a faithful irreducible character χ; obviously, χ is nonlinear monolithic. 
-closed if and only if for every nonlinear monolithic character
Proof. Suppose that G is a counterexample of minimal order. Then it has only one minimal normal subgroup K.
(a) In that case, G/K is p-nilpotent. Let χ be a nonlinear monolithic character of G of p -degree (if such a χ does not exist, we have G = G m (p ), and this group is p-nilpotent and solvable, by Theorem 2(b)). By hypothesis,
(see the proof of Theorem 2(b)). Repeating, word for word, the last rows of the proof of Theorem 2(b), we complete the proof of (a).
(b) In that case, G/K is p-closed. Let χ be a nonlinear monolithic character of G of degree divisible by p (if such a χ does not exist, we have G = G m (p), and this group is p-closed, by Theorem 2(d)). By hypothesis,
As G is a monolith, O p (F ) = {1}. Repeating, word for word, the last rows of the proof of Theorem 2(d), we complete the proof of (b).
It follows from Proposition 3(a) that G is nilpotent if and only if π(G/Z(χ)) = π(χ(1)) for every monolithic character χ of G. Indeed, let p ∈ π(G) and p does not divide χ(1). Then G/Z(χ) is a p -group, by assumption. It then follows that G/ ker(χ) is p-nilpotent, and our claim is true, by Proposition 3(a) since p is arbitrary. Next, a nonabelian group G is nilpotent if and only if π(G/ ker(χ)) = π(χ(1)) for every nonlinear monolithic character χ of G (the same reasoning!). If the last condition holds for all nonlinear χ ∈ Irr(G), then G is a prime power group as it is easy to check.
Assertions (a), (b) of Proposition 3 characterize p-nilpotent and p-closed groups, respectively.
Lemma 4 (Compare to [BZ] , Theorem 14.45).
Proof. Let G be a π -group. Then by hypothesis, π(G/Z(χ)) ⊆ π(χ(1)) for every monolithic character χ of G; the converse inclusion follows from Ito's Theorem. So G is nilpotent, by the remark preceding the lemma. Therefore, we may assume that π ∩ π(G) is nonempty.
Suppose that G is a counterexample of minimal order. Let H be a minimal normal subgroup of G. By the inductive hypothesis, G/H is π-closed. It follows that H is the unique minimal normal subgroup of G. Assume that Z(G) > {1}. Then H ≤ Z(G), and since G/H is π-closed so is G, a contradiction. Thus Z(G) = {1}. Since H is unique, G possesses a faithful irreducible character χ; obviously, χ is monolithic and Z(χ) = {1}. Then by hypothesis, π(G) ⊆ π ∪ π(χ(1)), and we see that χ(1) is divisible by all q ∈ π(G)∩π . Since χ is an arbitrary faithful irreducible character of G, we conclude that H ≤ G(q ) for every q ∈ π(G)∩π so H is solvable, by Theorem 2(b). Thus, H is a p-group for some p ∈ π since G/H is π-closed and G is not.
Let
, by (Φ2), and G is π-closed since G/H is, by (Φ1). Thus H Φ(P ); then H P . In that case, there is a linear character λ of P such that H ker(λ). Every irreducible constituent of λ G is faithful, by reciprocity so monolithic. Since p does not divide λ
, which is a contradiction. The last assertion follows from the first paragraph of the proof.
If χ is a nonlinear irreducible character of G, then |G/ ker(χ)| = t χ · χ(1) for some t χ ∈ N. It is possible that π(G) = χ∈Irr(G), χ(1)>1 π(t χ ). As Theorem 5(c)
shows, in that case G has very special structure (in particular, it is solvable).
In Theorem 5(a) we will consider a special case when χ(1) 2 divides |G| for all χ ∈ Irr(G). It is interesting that the set of groups satisfying this property is very large: every nonabelian group is a direct factor of such a group (see the Remark below). I think that if G > {1} satisfies the above condition, then its Fitting subgroup is nontrivial. Note that χ(1) 2 divides |G/ ker(χ)| for all irreducible characters χ of every nilpotent group G (it is remarkable that the converse is also true; see the Remark preceding Corollary 6). Corollary 6 characterizes nonabelian p-groups. If there is t χ ∈ N such that |G| = t χ · χ(1) 2 for every nonlinear monolithic character χ of G, then G is π-closed, where π = χ∈Irr(G), χ(1)>1 π(t χ ), by Lemma 4.
Let us consider, for χ ∈ Irr(G), the following condition: 
(c) Suppose that every nonlinear irreducible character χ of G satisfies (*) with
(t χ ). Then G has the normal π-Hall subgroup P and G/P is cyclic. Furthermore, if P < G, then P is solvable. In that case, if F is a π -Hall subgroup of G and K a normal subgroup of G such that K < G and G /K is a minimal normal subgroup of G/K, then every element of F # induces a fixed-point-free automorphism on G /K.
Proof. Assume that G is a π -group and a constant s ∈ {1, 2}. Then, for every nonlinear monolithic character χ of G, we have |G/ ker(χ)| = χ (1) s , which is not the case. Since a nonabelian group has a nonlinear monolithic character, G is not a π -group. By Lemma 4, G is π-closed; let P be a (normal) π-Hall subgroup of G. Since G/P is a π -group, by what we just proved, it is abelian. Let G be a counterexample of minimal order. Note that if G = P ×A, then by the result of the previous paragraph A is abelian and then in cases (b) and (c) we have A = {1}, as is easy to check.
(a) Let s = s χ = 2 for all nonlinear monolithic characters χ of G, and suppose that G is not a π-group. Obviously, nonabelian epimorphic images of G satisfy the hypothesis. Let H be a minimal normal subgroup of G. By the inductive hypothesis, G/H = P 1 /H × A 1 /H, where A 1 /H is the abelian π -Hall subgroup of G/H. It follows that H is the unique minimal normal subgroup of G. Then H ≤ P so H is a π-group. In that case, G possesses a faithful irreducible character χ; obviously, χ is monolithic. By hypothesis,
by Theorem 2(a). Thus, H is a p-subgroup for some p ∈ π. By (Φ1) and the result of the second paragraph of the proof, H Φ(G). Therefore,
Since H is the unique minimal normal subgroup of G and A 0 is abelian, we get
(b) follows from (a), by the second paragraph of the proof. (c) Let s = s χ = 1 for all nonlinear χ ∈ Irr(G). By the first paragraph of the proof, G/P is abelian. Assume that P < G.
We will prove that G is solvable. Suppose there G has two distinct minimal normal subgroups H 1 , H 2 . We may assume that H 1 ≤ P , i.e., H 1 is a π-subgroup. Then by induction, G/H 1 is solvable. If G/H 2 is not a π-group, then G/H 2 is also solvable. Then G is solvable as a subgroup of (G/H 1 ) × (G/H 2 ). It remains to consider the case when G/H 2 is a π-group. Then |H 2 | = p ∈ π and G = P × H 2 , contrary to the second paragraph of the proof. Thus, we may assume that H is the unique minimal normal subgroup of G. Then G has a faithful irreducible character
We have G ≤ P . To prove the remaining assertion, we may assume that G is a minimal normal subgroup of G. Then G is a p-subgroup for some p ∈ π.
By the result of the second paragraph of the proof, G is not nilpotent. Then G Z(G) and G Φ(G) so G has a maximal subgroup M such that G M ; then G = M · G , a semidirect product since G is an abelian minimal normal subgroup of G. Obviously, M ∼ = G/G is abelian. Let F be a π -Hall subgroup of M and let x ∈ F # such that its order is a power of a prime q.
, and since χ∈Irr(G), χ(1)>1 ker(χ) = {1} (see [BZ] , Theorem 4.35), there is a nonlinear χ ∈ Irr(G) such that x ∈ ker(χ). As by Ito's Theorem χ(1) divides |G : ( x × ker(χ))|; altogether with our hypothesis we conclude that and thus q divides t χ , contradicting t χ being a π-number. So since G is an abelian minimal normal subgroup of G, we have C G (x) = {1} and since x ∈ F # is an arbitrary of prime power order, we see that F G is a Frobenius group; in particular F ∼ = G/P is cyclic, and (c) is proven.
In Theorem 5(a), the hypothesis s χ = 2 is essential. It is impossible to change that condition by s χ > 1 for all nonlinear monolithic characters χ of G (take, for example, a nonabelian group of order p 3 and s χ = 3 for all nonlinear irreducible χ).
Remark. Let G be nonabelian. If χ(1)
2 divides |G| for all χ ∈ Irr(G), then G need not be solvable: take, for example, G = H × C |H| , where C m is the cyclic group of order m and H nonsolvable. It follows from the classification of finite simple groups that G is not simple. (The simple groups of Lie type do not satisfy this condition: by [W] , they have an irreducible character of p-defect 0 for every prime p. The alternating group A n does not satisfy that condition since it possesses an irreducible character of degree divisible by a prime p such that p 2 does not divide |A n |. As it is easy to check, using [CCNPW] , the remaining simple groups do not satisfy the above condition either.) I think that each group satisfying the above condition has a nontrivial abelian normal subgroup. If χ(1) 2 divides |G/ ker(χ)| for all χ ∈ Irr(G), it is possible to prove that G is solvable, using the classification of finite simple groups and working by induction. After completing this note, I.M. Isaacs informed me that S. Gagola and M. Lewis have proved that, in fact, the group under consideration is nilpotent; this yields a new characterization of nilpotent groups.
Corollary 6 (Compare to [BZ] Proof. (a) We will use induction on |G|. Let H be a minimal normal subgroup of G. By the inductive hypothesis, G/H is nilpotent. Therefore, we may assume that H is the unique minimal normal subgroup of G. In that case, G possesses a faithful irreducible character χ; obviously, χ is monolithic. Since G is not nilpotent, Z(G) = {1} so Z(χ) = {1} and |G| = p · χ (1) 2 , where p depends on χ. We see that |G| q is not a square for exactly one q ∈ π(G) (obviously, q must be equal to p). Therefore, if θ is another faithful irreducible character of G, then |G| = p · θ(1) 2 with the same p so θ(1) = χ(1), i.e., all faithful irreducible characters of G have the same degree χ(1). If q ∈ π(G) − {p} and a nonlinear τ ∈ Irr(G) is such that q τ (1), then, by the above, τ is not faithful; it follows that H ≤ ker(τ ) and so H ≤ G(q ). It follows that H is solvable, by Theorem 2(b). Let H be a q-group. Assume that G is not nilpotent. Then H Φ(G), by (Φ1), so G = M · H, where Let G be as in Problem 1 and |G| is divisible by p 2 . Then, by [BZ] , Corollary 3.23, Z(χ) > {1} for every irreducible character χ of degree p. In spite of the set of these groups being very small, their classification is surprisingly difficult.
Problem 2. Suppose that for every nonlinear irreducible character χ of G, one has |π(G/Z(χ)) − π(χ(1))| ≤ 1. Describe the structure of G.
For related results, see [BZ] , Chapters 9, 14, 30, and [BIK] . I am indebted to the referee for numerous remarks and suggestions which improved this note considerably.
